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WrinklingThe paper studies the geometrically nonlinear behavior of walls that are strengthened with ﬁber rein-
forced polymer (FRP) composite materials but include pre-existing delaminated regions. The paper uses
an analytical–numerical methodology. Three specially tailored ﬁnite elements that correspond to per-
fectly bonded regions, to delaminated regions where the debonded layers are in contact, and to delami-
nated regions where the debonded layers are not in contact are presented. All ﬁnite elements are based
on a high order multi layered plate theory. The geometrical nonlinearity is introduced by means of the
Von Karman nonlinear strains whereas the contact nonlinearity is handled iteratively. The validity and
convergence of the ﬁnite element models is demonstrated for each type of element through comparison
with closed form analytical solutions available for speciﬁc cases. The uniﬁed model that combines the
three types of ﬁnite element is then used for studying the nonlinear behavior of a locally delaminated
FRP strengthened wall under in-plane normal and in-plane shear loads. Finally, conclusions regarding
the effect of the delamination on the response of the strengthening system, on the conditions that evolve
in the bonded region that surrounds the delamination, and on the global response of the multi-layered
structure are drawn. Additional conclusions regarding the application of the modeling approach to other
delamination sensitive layered structural systems close the paper.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
External bonding of ﬁber reinforced polymer (FRP) composite
materials is now a commonly accepted method for the retroﬁtting
and strengthening of existing structural components. The applica-
tion of this method ranges from the strengthening of unidirectional
structural elements such as beams and columns to the strengthen-
ing of two-way structural members such as slabs, plates, and walls.
Among the main advantages of this method are the ease of appli-
cation, the low weight to strength ratio, and the versatility of the
strengthening system.
The external bonding of FRP to beams, slabs, and walls forms a
layered structural member. As such, the functionality of the
strengthened element and the efﬁciency of the strengtheningmeth-
od critically depend on the degree of collaboration between the
existing member and the supplemental strengthening system. This
makes the strengthened element susceptible to failure of the inter-
face of the adhesive layer and to the evolution of delaminations.
The delamination phenomenon is critically relevant to the func-
tionality and safety of the FRP strengthened element, but it alsocomes into effect in almost every form that involves layered struc-
tures. Delamination phenomena are documented and studied in
ﬁelds that involve sandwich structures (for example, Frostig,
1992; Pai and Palazotto, 2001; Lovinger and Frostig, 2004; Li and
Kardomateas, 2008), lightweight vehicle armor plates (Rostam-
Abadi et al., 2000; Mahdi and Gillespie, 2004; Davila et al., 2000;
Davila and Chen, 2000), and even electronic packaging (for exam-
ple, Pao and Eisele, 1991; Jiang et al., 1997; Oda and Sakamoto,
1998; Suhir, 2001; Wen and Basaran, 2003; Ghorbani and Spelt,
2005; Wang and Zeng, 2008). In the case of walls strengthened
with FRP, delaminations often result from poor workmanship,
insufﬁcient surface treatment, localized impact loads, and/or accu-
mulation of interfacial damage. The evolution of high shear and
peeling stresses at the interfaces of the adhesive near irregular re-
gions such as edges of the strengthening layer, cracks, joints, or
pre-existing delaminated areas also play a critical role in the re-
sponse of the delaminated structure.
One of the promising applications of FRP bonding to structural
upgrade is the strengthening of walls and the upgrading of their
ability to resist out-of-plane and mainly in-plane loads. In this
application, the brittle nature of the wall material, the potential
unevenness of the wall’s surface, and the nature of the 3D stress
ﬁelds in the adhesive layer commonly yield delaminations at
the adhesive–wall interface, see, for example, Carloni and
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nated region in Fig. 1. Within the delaminated region, the strength-
ened wall is separated into one thick layer that consists of the wall
and one thin layer that consists of the FRP and the adhesive. In other
cases, the delamination evolves at the adhesive–FRP interface. In all
cases, the delaminated interfaces cannot transfer shear and they
may or may not be in contact. In the ﬁrst case, out-of-plane normal
compression builds up between the delaminated layers whereas in
thesecondcase, theyare totally separated forming stress free surfaces.
The low ﬂexural stiffness of the strengthening layer, its high in-
plane stiffness, and the potential evolution of compressive forces in
the thin FRP layer trigger the evolution of a geometrically nonlin-
ear behavior. When the thin layer is fully bonded and fully sup-
ported by the wall, the localized effect of the geometrical
nonlinearity is not expected to be signiﬁcant. However, when the
FRP layer is partially delaminated, the geometrical nonlinearity is
expected to play a critical role. Hamed and Rabinovitch (2007)
demonstrated this aspect in the case of an out-of-plane loaded uni-
directional (one-way) masonry wall strengthened with FRP strips.
The evolution of such geometrically nonlinear effect in the more
complicated scenario of in-plane normally or shear loaded walls
where the global behavior is bidirectional (two-way) and the del-
aminated area is subjected to a fully 3D geometrically nonlinear re-
sponse deﬁnes a much more complex problem. It is expected that
in such case, which is at the focus of the present work, the geomet-
rically nonlinear localized response would be much more compli-
cated and would have a unique impact on the structural
functionality. Furthermore, the geometrically nonlinear behavior
and the formation of localized wrinkling or buckling of the FRP
layer may also give rise to a contact type of nonlinearity where
contact zones evolve within the delaminated regions. This feature
adds another level of complexity to the problem at hand.
The physical aspects of the behavior of the FRP strengthenedwall
also draw the attention to the localized nature of the phenomenon
and to the potential of evolution of signiﬁcant geometrically nonlin-
ear effects even before the material nonlinearity kicks in. The pres-
ence of a delaminated region yields a situation where even under
relatively low levels of global deﬂections,whichdoesnot necessarily
drive the entire structure into material nonlinearity, the debonded
thin, ﬂexible, and locally slender FRP layer may buckle, wrinkle, or
even lose stability. Thus, dependingon theaxial andﬂexural stiffnessDelaminated 
regions
x
y
z
A
Awall
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(a)
Fig. 1. FRP strengthened wall and characterization of the delaminated regions: (a) FR
delamination without contact at the adhesive–wall interface; (d) delamination without c
wall interface; (f) delamination with contact at the adhesive–FRP interface.of the FRP layer, the size and location of the delaminated area, and
the nature of the in-plane loading, the geometrically nonlinear
behaviormayprecede thematerial nonlinearity andmaybe the trig-
ger to the interfacial nonlinearity. Theseeffects join the impactof the
geometrical nonlinearity on the global behavior and stability of rel-
atively slender walls, where the coupling of material and geometri-
cal nonlinearities plays a critical role, see for example, Milani et al.
(2013) and Hamed and Rabinovitch (2007). The present work fo-
cuseson theﬁrst localizedaspect inwhich thegeometrical nonlinear
effect may precede the material one.
In general, the strengthening layer, which is designed to enhance
the ﬂexural strength of the element, is applied on the face of the
existing structural element and designed to resists tensile stresses.
This form of strengthening avoids the evolution of compressive
stresses in the strengthening layer and avoids its potential buckling.
Correspondingly, most of the leading guidelines for FRP strengthen-
ing (e.g. the Italian guideline CNR-DT 200/2004, 2004 and the Cana-
dian and American guidelines, CAN/CSA-S6-02 (2002) and ACI
Committee 440.2R-08 (2008)) avoid the use of externally bonded
strengthening systems in compression. Yet, in cases of strengthen-
ing of two-way walls, and particularly in cases of strengthening of
walls to resist in-plane lateral loads, the evolution of compressive
stresses in the strengthening layer is inevitable. This observation
stresses the necessity of handling the effect of delamination of the
FRP layer in a geometrically nonlinear framework.
A survey of the experimental works on the 3D behavior of FRP
strengthened two-way walls and plates reveals a spectrum of
important phenomena. Many of these phenomena are related to
the presence of delaminated regions. For example, Elgawady et al.
(2002) and Elgawady et al. (2003) report that the localized crushing
at the toes of the wall and cracks along mortar joints cause delam-
inations and wrinkling at these regions. Kiss et al. (2002) and Kuzik
et al. (2003) show that the buckling of the strengthening layer cause
delamination. In cases where delaminated regions exist, this may
trigger the expansion of the existing delaminated regions.
The modeling of the behavior of strengthened walls ranges from
global methods such as the ‘‘strut and tie’’ method (Jai et al.,
2000a,b; Binici and Ozcebe, 2006; Binici et al., 2007; Marcari
et al., 2007), to more detailed ﬁnite elements models. The strut
and tie type of methods mainly aim at the global modeling of the
in-plane response of the FRP strengthened wall. As such, they dowall
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(d)
P strengthened wall with delaminated regions; (b) a perfectly bonded region; (c)
ontact at the adhesive–FRP interface; (e) delamination with contact at the adhesive–
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nated regions, and with the geometrically nonlinear effects in-
volved with the development of compression or shear in the
delaminated FRP layer.
A more detailed numerical model for FRP strengthened walls is
developed in Luciano and Sacco (1998). This model considers the
wall as a homogenized continuum and focuses on the material
nonlinearity of masonry panels. The geometrical nonlinearity, the
contact nonlinearity in the delaminated regions, and their effect
on the response of strengthened but delaminated wall are not ad-
dressed. Elgawady et al. (2006) propose a numerical model that
uses averaging of the mechanical properties. In this model, the
stress transfer mechanism between the wall and the FRP layer is
achieved by means of shear stresses in the adhesive layer but the
normal out-of-plane (peeling) stresses are not considered. Corre-
spondingly, the presence of delaminations and their impact on
the structure are not addressed.
Numerical models that consider the delamination phenomenon
are presented in Milani (2009) and Milani et al. (2010). The com-
patibility in the displacements between the FRP and the wall is
modeled by means of a brittle yield surface of negligible thickness.
These models address the delamination through an upper-bound/
lower-bound estimation of the failure load rather than focus on
the structural response to the presence of delaminated regions.
Two other modeling approaches for the delamination phenomenon
are presented in Milani (2011). The ﬁrst one considers the FRP grid
as truss elements and limits their tensile strength due to possible
delamination. The second one uses plate elements for the modeling
of the FRP layer and uses an interfacial law for the simulation of
delaminations. The two models do not account for the effect of
compressive stresses, either due to direct compressive loading or
due to in-plane shear, and their transfer to the delaminated layers.
Elmalich and Rabinovitch (2012a) present a specially tailored
high order ﬁnite element for the dynamic analysis of FRP strength-
ened walls. This model takes into account the interfacial effects
through the high order representation of the adhesive layer but
it does not consider the effect of delaminations and the geometri-
cal nonlinearity. In Elmalich and Rabinovitch (2012b), the specially
tailored element is used for the formulation of super-elements and
for studying the behavior of FRP strengthened masonry elements.
The effect of delamination is considered through artiﬁcially reduc-
ing the properties of the adhesive near the masonry joints, but the
effect of contact and the effect of the geometrical nonlinearity are
not considered. Elmalich and Rabinovitch (2012c) look into the
geometrically nonlinear behavior of layered sandwich plates, but
do not consider the effect of delaminations.
The above literature survey reveals a gap of knowledge in the
understanding of the impact of local delaminated regions and their
geometrical nonlinearity on the behavior of FRP strengthened
walls. In the light of that, the objectives of this paper are to gain in-
sight into the geometrically nonlinear behavior of FRP strength-
ened walls with local delaminations and to quantify the effect of
delaminations on the global and localized behavior of the strength-
ened wall. Naturally, most of the literature in the ﬁeld of FRP
strengthening of walls focuses on masonry walls where cracking
of the mortar plays an important role in the structural behavior.
However, since the presence of delaminations affects all type of
walls (masonry as well as monolithic), this paper does not address
masonry walls in particular but faces the challenge that is relevant
to FRP strengthened walls at large.
To achieve the goals of the paper, a specially tailored FE model-
ing approach that follows the geometrically linear approaches pre-
sented in Elmalich and Rabinovitch (2012a), but looks into the
geometrically nonlinear regime, accounts for the delaminated
regions, and accounts for the contact nonlinearity, is developed.
Speciﬁcally, two ﬁnite element models are formulated. The ﬁrstone corresponds to delaminated regions ‘‘with contact’’ and the
second one corresponds to delaminated regions ‘‘without contact’’.
In the ﬁrst case, the delaminated interface is free of shear stress but
it transfers out-of-plane compressive stresses between the delami-
nated layers. In the second case, the delaminated interface is free of
shear and of out-of-plane normal stresses. The shift from one type
of delamination to another deﬁnes the nonlinear contact problem.
The two geometrically nonlinear specially tailored ﬁnite elements
developed here join the one developed in Elmalich and Rabinovitch
(2012c) for perfectly bonded multi-layered sandwich structures to
set a uniﬁed FE model of the FRP strengthened but partially dela-
minated wall. For completeness and clarity, the FE model for the
bonded regions is also presented.
This paper focuses on the behavior of FRP strengthened walls
with existing delaminated regions rather than on the evolution
and progression of the delaminations. The paper aims to provide
a snapshot of the behavior of the locally delaminated wall and to
develop analytical and numerical tools for its handling. This de-
ﬁnes one of the ﬁrst steps in the inclusive handling of the delami-
nation problem, which is the quantiﬁcation of the stress and
displacement ﬁelds in a structure in which the size and location
of the delaminated region is known. In some cases, and particularly
when GFRP is used, the delamination may be detected by tracing
changes to the color of the outer bonded layer (see, for example,
Fig. 1). In other cases, non-destructive experimental techniques
that are much more sophisticated (and more demanding) should
be applied. Once this is achieved, the present work aims to gain in-
sight into the impact of the pre-existing delamination on the struc-
ture and to establish a quantitative basis for further consideration
of criteria for the formation and growth of the delaminated region
and for studying the delamination process.2. Mathematical formulation
An illustration of the FRP strengthened wall, including the dif-
ferent types of delaminated and perfectly bonded regions, appears
in Fig. 1. The types of delamination refer to the location of the del-
aminated plane and to the condition of contact between the dela-
minated layers. The ﬁrst case (Fig. 1b) refers to a perfectly bonded
structure. The second case (Fig. 1c and d) refers to a delamination
without contact. The detail on the left (Fig. 1c) presents a delami-
nated plane located at the adhesive–wall interface and the detail
on the right (Fig. 1d) presents a delaminated plane located at the
adhesive–FRP interface. The third case, which is illustrated in
Fig. 1e and f, refers to a delamination with contact. The detail on
the left (Fig. 1e) presents a delaminated plane located at the adhe-
sive–wall interface and the detail on the right (Fig. 1f) presents a
delaminated plane located at the adhesive–FRP interface.
The above discussion and the modeling of the layered structure
take into account the adhesive layer, its deformability, and its
stress ﬁelds. In that context, the terms ‘‘perfect bonding’’ and
‘‘delamination’’ independently refer to the conditions at the adhe-
sive–FRP interface or the adhesive–wall interface. The perfect
bonding condition used here means compatibility of deformations
at those physical interfaces. Yet, on the macroscopic level, relative
displacements (slip and/or relative out-of-plane displacements)
between the FRP layer and the wall are incorporated through the
deformability of the adhesive material.
For brevity, and due to the low tensile strength and brittle nat-
ure that characterize the wall-adhesive interface, the formulation
of the FE model for the delaminated regions is limited to delami-
nated planes at the adhesive–wall interface (Fig. 1c and e). In addi-
tion, the formulation focuses on a wall strengthened on one side.
Similar steps can be taken for walls strengthened on both sides
and for delaminations at other interfaces. For completeness of
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case is also presented. The geometrically linear form of this ele-
ment is developed in Elmalich and Rabinovitch (2012a) and a geo-
metrically nonlinear form is used in Elmalich and Rabinovitch
(2012c) for the analysis of perfectly bonded sandwich plates.
Elmalich and Rabinovitch (2012a,c) also demonstrate the conver-
gence and validity of the models through comparison with analyt-
ical benchmarks. Therefore, these aspects are not addressed here.
The coordinate system, notation, and sign convention used in
the modeling appear in Fig. 2. The modeling assumptions are as fol-
lows. The existing wall is assumed elastic, orthotropic, and physi-
cally linear. The FRP layer is assumed symmetrically stacked,
elastic, orthotropic, and physically linear. The displacements of
the wall and the strengthening layer are assumed large but the
rotations are moderate and the strains are small. The existing wall
and the FRP layer are therefore independently modeled using the
geometrically nonlinear Von Karman type of ﬁrst order shear
deformation plate theory. These set of assumptions aim to capture
the geometrically nonlinear response, which in many cases pre-
cede the material nonlinearity.
The adhesive layer is modeled as a 3D linear elastic medium
taking into account its 3D deformation ﬁeld and its change of
height during deformation (also see Elmalich and Rabinovitch,
2012a,c). The in-plane normal and the in-plane shear stiffnesses
of the adhesive (in the x–y plane) are signiﬁcantly smaller than
those of the adjacent FRP layer and existing wall. Thus, they arehwall hadh hFRP
wall
FRP Sheet
adhesive
hwall
hwall
(c)
Fig. 2. Geometry, notation, and sign conventions: (a) Geometry (not to scale);neglected (see, for example, Rabinovich and Frostig (2000) for
the case of FRP strengthened concrete beams, Elmalich and Rabi-
novitch, 2012a for the case of FRP strengthened walls).
The delaminated regions are modeled under the following
assumptions. First, it is assumed that the size, location, and shape
of the delaminated region are pre-deﬁned and that they do not
change through the loading process. In the case of delamination
without contact, it is assumed that the delaminated surfaces are free
of stresses. In the case of delamination with contact, it is assumed
that the damaged interface can transfer out-of-plane normal com-
pression, but it is free of shear. This assumptionmeans that the effect
of friction at the delaminated interface is neglected. Under certain
conditions, which involve signiﬁcant compression of one layer
against the other, the simplifying assumption of no frictionmay be-
come rather strong. The direct handling of this effect necessitates
the development (and probably calibration) of an interface model
that can take the effect of friction into account and distinct between
static friction (which yield conditions that are similar to the fully
bonded case) and kinetic friction. This consideration is not ad-
dressed in thepresentwork.Nevertheless, the relevanceandvalidity
of the assumption of frictionless delaminated interface is looked at
again in the numerical study presented at the end of this paper.
The formulation starts with the aspects that are common to all
types of elements. Then, the distinction between the three cases is
made. Finally, the assembly of the various elements into a uniﬁed
model and the solution procedure are discussed.hFRP
(b) Displacements; (c) Sign conventions for stresses and stress resultants.
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The kinematic assumptions for the wall, which are common to
all types of regions, use the ﬁrst order shear deformation plate the-
ory and the Von-Karman strains:
uwallðx; y; zÞ
vwallðx; y; zÞ
wwallðx; y; zÞ
8><
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ð4Þ
where uwallðx; y; zÞ, vwallðx; y; zÞ, wwallðx; y; zÞ are the displacements of
the wall in the x, y, and z directions, respectively, u0wallðx; yÞ,
v0wallðx; yÞ, are the in-plane displacements of the wall’s mid-surface,
wwallx ðx; yÞ, wwally ðx; yÞ are rotations of x- and y- facing cross sections of
the wall about the y and x axes, respectively, zwall is out-of-plane
coordinate of the wall measured from its mid-surface (see Fig. 2),
ewallxx ðx; y; zÞ, and ewallyy ðx; y; zÞ are the in-plane normal strains in the
wall, cwallxy ðx; y; zÞ, cwallxz ðx; y; zÞ, cwallyz ðx; y; zÞ are the in-plane shear angle
and the two out-of-plane shear angles in the wall, respectively,
ewall0xx ðx; yÞ, ewall0yy ðx; yÞ, cwall0xy ðx; yÞ, cwall0xz ðx; yÞ, and cwall0yz ðx; yÞ are the corre-
sponding strains and shear angles of the reference surface, and,
vwallxx ðx; yÞ, vwallyy ðx; yÞ, vwallxy ðx; yÞ are the curvatures.
Focusing on the impact of the geometrical nonlinearity, which,
depending on the size and location of the delaminated region, may
precede the evolution of material nonlinearity, the constitutive
relations for the wall assume orthotropic linear elastic behavior.
Under this assumption, the constitutive relations take the follow-
ing form:
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( )
ð7Þwhere Nwallxx ðx; yÞ, Nwallxy ðx; yÞ, Nwallyy ðx; yÞ, Mwallxx ðx; yÞ, Mwallxy ðx; yÞ,
Mwallyy ðx; yÞ, Qwallxz ðx; yÞ, and Qwallyz ðx; yÞ are the in-plane, moment, and
shear stress resultants in the wall, respectively, Ewallx and E
wall
y are
the elastic moduli in x and y directions, Gwallxy , G
wall
xz and G
wall
yz are
the shear moduli, mwallyx , mwallxy are Poisson ratios, hwall is the thickness
of the wall, and j is the shear correction factor. For generality, the
model considers an orthotropic behavior of the wall. To some ex-
tent, this may also be used as a platform for handling homogenized
properties of different types of walls but this aspect, as well as the
augmentation to material nonlinearity, is not addressed here.
The kinematic and constitutive relations for the FRP laminates in
the three models also adopt the ﬁrst order shear deformation plate
theory. Therefore, the kinematic assumptions take the form of Eqs.
(1)–(4), but with superscript or subscript FRP instead of the
superscript or subscript ‘‘wall’’ and the coordinates zFRP instead of
zwall. zFRP is independently measured from the mid-surface of the
FRP layer.
The constitutive relations for the FRP layer assume a symmetric
lamination of linear elastic orthotropic layers and read (Vinson and
Sierakowski, 1986):
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where NFRPxx ðx; yÞ, NFRPxy ðx; yÞ, NFRPyy ðx; yÞ, MFRPxx ðx; yÞ, MFRPxy ðx; yÞ, MFRPyy ðx; yÞ,
QFRPxz ðx; yÞ, and QFRPyz ðx; yÞ are the in-plane, moment, and shear stress
resultants in the wall; eFRP0xx ðx; yÞ, eFRP0yyðx; yÞ, cFRP0xyðx; yÞ, cFRP0xz ðx; yÞ, and
cFRP0yz ðx; yÞ are the strains and shear angles of the reference surface
of the FRP layer, vFRPxx ðx; yÞ, vFRPyy ðx; yÞ, vFRPxy ðx; yÞ are the curvatures;
AFRPkl ;D
FRP
kl are the in-plane and ﬂexural rigidities of the FRP; and
AFRP44 , A
FRP
55 are the shear rigidities.
The strain–displacement and constitutive relation for the adhe-
sive layer are:
eadhzz ðx; y; zÞ
cadhxz ðx; y; zÞ
cadhyz ðx; y; zÞ
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>; ¼
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cadhyz ðx; y; zÞ
8><
>:
9>=
>; ð12Þ
where uadhðx; y; zÞ;vadhðx; y; zÞ, and wadhðx; y; zÞ are the displacements
of the adhesive in the x, y, and z directions, respectively;
sadhxz ðx; y; zÞ; sadhyz ðx; y; zÞ; cadhxz ðx; y; zÞ, andcadhyz ðx; y; zÞare theoutof-plane
shear stresses and shear angles, respectively; radhzz ðx; y; zÞ, and
eadhzz ðx; y; zÞ are the out-of-plane normal stresses and strains; and Eadh
and Gadh are the elastic and shear moduli of the adhesive material.
2.2. Principle of virtual work
The principle of virtual work reads:
dU þ dW ¼ 0 ð13Þ
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work of the external loads. Under the assumptions listed above,
the virtual work of the stresses is:
dU¼
Z
Vwall
rwallxx de
wall
xx þrwallyy dewallyy þswallxy dcwallxy þswallxz dcwallxz þswallyz dcwallyz
 
dVwall

Z
VFRP
rFRPxx de
FRP
xx þrFRPyy deFRPyy þsFRPxy dcFRPxy þsFRPxz dcFRPxz þsFRPyz dcFRPyz
 
dVFRP

Z
Vadh
radhzz de
adh
zz þsadhxz dcadhxz þsadhyz dcadhyz
 
dVadh ð14Þ
where, for brevity, the notation of the independent variables has
been omitted.
The virtual work of the external loads reads:
dW ¼
Z
A
qwallz ðx; yÞdwwallðx; yÞ þ nwallx ðx; yÞdu0wallðx; yÞ

þnwally ðx; yÞdv0wallðx; yÞþqFRPz ðx; yÞdwFRPðx; yÞ
þnFRPx ðx; yÞdu0FRPðx; yÞ þ nFRPy ðx; yÞdv0FRPðx; yÞ

dA ð15Þ
where qkz(x,y), n
k
x(x,y), n
k
y(x,y) are distributed loads exerted at the
wall (k = ‘‘wall’’) and the FRP layer (k = ‘‘FRP’’).
2.3. Interfacial conditions and displacement ﬁelds of the adhesive layer
The displacement ﬁelds of the adhesive layer use a high order
polynomial form. The high-order assumption follows the closed
form solution of the displacement ﬁeld in the adhesive layer
(Frostig and Thomsen, 2004; Linke et al., 2007; Elmalich and
Rabinovitch, 2012a,b) and generally assumes quadratic and cubic
variations of the out-of-plane (wadh) and in-plane (uadh,vadh)
displacements:
uadhðx; y; zadhÞ ¼ u0ðx; yÞ þ u1ðx; yÞ zadhhadh þ u2ðx; yÞ
z2adh
h2adh
þ u3ðx; yÞ z
3
adh
h3adh
ð16Þ
vadhðx; y; zadhÞ ¼ v0ðx; yÞ þ v1ðx; yÞ zadhhadh þ v2ðx; yÞ
z2adh
h2adh
þ v3ðx; yÞ z
3
adh
h3adh
ð17Þ
wadhðx; y; zadhÞ ¼ w0ðx; yÞ þw1ðx; yÞ zadhhadh þw2ðx; yÞ
z2adh
h2adh
ð18Þ
where u0(x,y), u1(x,y), u2(x,y), u3(x,y), v0(x,y), v1(x,y), v2(x,y),
v3(x,y), w0(x,y), w1(x,y) and w2(x,y) are unknown functions, zadh is
measured from the adhesive mid-plane, and hadh is the thicknesses
of the adhesive layer.
The above formulation is relevant to all types of regions (per-
fectly bonded, delaminated with contact, delaminated without
contact) and to the corresponding types of specially tailored ﬁnite
elements. The three regions, however, differ one from another in
the conditions at the interfaces of the adhesive layer and in the
resulting stress and displacement ﬁelds. These aspects are dis-
cussed next.
2.3.1. Perfectly bonded regions
The conditions at the interfaces of the adhesive layer in the
perfectly bonded regions require continuity of all interfacial
displacements:
uadhðx; y; zadh ¼ hadh=2Þ ¼ u0FRPðx; yÞ þ hFRP2 w
FRP
x ðx; yÞ ð19Þuadhðx; y; zadh ¼ hadh=2Þ ¼ u0wallðx; yÞ  hwall2 w
wall
x ðx; yÞ ð20Þ
vadhðx; y; zadh ¼ hadh=2Þ ¼ v0FRPðx; yÞ þ hFRP2 w
FRP
y ðx; yÞ ð21Þ
vadhðx; y; zadh ¼ hadh=2Þ ¼ v0wallðx; yÞ  hwall2 w
wall
y ðx; yÞ ð22Þ
wadhðx; y; zadh ¼ hadh=2Þ ¼ wFRPðx; yÞ ð23Þ
wadhðx; y; zadh ¼ hadh=2Þ ¼ wwallðx; yÞ ð24Þ
Note that the perfect bond represented by Eqs. (19)–(24) reﬂects
the conditions at the relevant physical interface. Macroscopic rela-
tive displacements (slip and/or relative out-of-plane displacements)
are attributed to the deformability of the adhesive material.
Introducing the displacement ﬁeld of the adhesive layer, Eqs.
(16)–(18), into Eqs. (19)–(24) deﬁnes the unknown displacements
u2(x,y), u3(x,y), v2(x,y), v3(x,y), w1(x,y) and w2(x,y) in terms of all
other unknown displacements and rotations. Four of the remaining
ﬁve unknowns (u0(x,y), u1(x,y), v0(x,y), and v1(x,y)) are determined
by introducing the displacement ﬁeld back into the principle of vir-
tual work and using the fundamental lemma of the variational cal-
culus. This procedure yields four algebraic equations (and one
differential equation) for the adhesive layer. The four algebraic
equations are solved for the unknown functions u0(x,y), u1(x,y),
v0(x,y), and v1(x,y). This deﬁnes the displacements ﬁeld of the
adhesive layer in terms of the displacements and rotations of the
wall and the FRP layer and the out-of-plane displacement at the
middle of the adhesive layer as follows (Frostig and Thomsen,
2004; Linke et al., 2007; Elmalich and Rabinovitch, 2012a):
uadhðx;y;zadhÞ ¼ 1
24h2adh
ð4zadhh2adh3h3adhþ12z2adhhadh16z3adhÞwFRPðx;yÞ;x

þð3h3adhþ4zadhh2adh12z2adhhadh16z3adhÞwwallðx;yÞ;x
þð32z3adh8zadhh2adhÞwadh0 ðx;yÞ;x
12hadh hFRP zadh12hadh
 
wFRPx ðx;yÞ

þhwall zadhþ12hadh
 
wwallx ðx;yÞþ 2zadhhadhð Þu0FRPðx;yÞ
2 zadhþ12hadh
 
u0wallðx;yÞ

ð25Þ
vadhðx;y;zadhÞ ¼ 1
24h2adh
4zadhh
2
adh3h3adhþ12z2adhhadh16z3adh
 
wFRPðx;yÞ;y

þð3h3adhþ4zadhh2adh12z2adhhadh16z3adhÞwwallðx;yÞ;y
þð32z3adh8zadhh2adhÞwadh0 ðx;yÞ;y
12hadh hFRP zadh12hadh
 
wFRPy ðx;yÞ

þhwall zadhþ12hadh
 
wwally ðx;yÞ
þ 2zadhhadhð Þv0FRPðx;yÞ
2 zadhþ12hadh
 
v0wallðx;yÞ

ð26Þ
wadhðx;y;zadhÞ ¼ 1
h2adh
2zadh zadhþ12hadh
 
wwallðx;yÞ

þ zadhþ12hadh
 
wFRPðx;yÞ

þ 1
h2adh
h2adh4z2adh
 
wadh0 ðx;yÞ
ð27Þ
where the comma subscript designates a partial derivative with re-
spect to the proceeding coordinate.
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yield constant and linear variations of the out-of-plane shear and
out-of-plane normal stresses, respectively, through the thickness
of the adhesive layer. It also satisﬁes the 3D elasticity in-plane
(x and y directions) equilibrium equations of the adhesive medium.
2.3.2. Delamination without contact
The displacement ﬁeld of the adhesive layer uses the same gen-
eral polynomial form that is given in Eqs. (16)–(18). However, in
the case of delamination without contact, the conditions at the
interfaces of the adhesive layer require compatibility of deforma-
tion at the perfectly bonded adhesive–FRP interface but vanishing
shear and normal stresses at the delaminated adhesive–wall inter-
face. The former three conditions are given by Eqs. (19), (21), and
(23) whereas the latter three read:
sadhxz ðx; y; zadh ¼ hadh=2Þ ¼ 0 ð28Þ
sadhyz ðx; y; zadh ¼ hadh=2Þ ¼ 0 ð29Þ
radhzz ðx; y; zadh ¼ hadh=2Þ ¼ 0 ð30Þ
The six interfacial conditions (Eqs. (19), (21), (23), (28)–(30))
deﬁne six of the eleven unknown functions in terms of the other
displacements and rotations. Introducing the displacement ﬁelds
into the principle of virtual work, Eqs. (13)–(15), yields a set of ﬁve
equations that are then solved for the ﬁve unknowns u0(x,y),
u1(x,y), v0(x,y), v1(x,y), and w0(x,y). Substituting the solution back
into the displacement ﬁeld yields:
uadhðx; y; zadhÞ ¼ u0FRPðx; yÞ  hadh2 wFRPðx; yÞ;x þ
hFRP
2
wFRPx ðx; yÞ
 zadhwFRPðx; yÞ;x ð31Þ
vadhðx; y; zadhÞ ¼ v0FRPðx; yÞ  hadh2 wFRPðx; yÞ;y þ
hFRP
2
wFRPy ðx; yÞ
 zadhwFRPðx; yÞ;y ð32Þ
wadhðx; y; zadhÞ ¼ wFRPðx; yÞ ð33Þ
Note that the displacement ﬁelds are fully expressed by means
of the displacements and rotations of the FRP layer and those of the
wall. In this case, the formulation does not require any additional
unknown function that corresponds to the adhesive layer and the
number of unknown functions in this model is reduced by one
(compare with the model of the perfectly bonded region). In addi-
tion, the stress ﬁeld that corresponds to Eqs. (31)–(33) and the
kinematic and constitutive relations of the adhesive layer reveals
that both the shear stresses and the out-of-plane normal stresses
vanish within the delaminated region without contact.
2.3.3. Delamination with contact
Themodel for the delaminated regionswith contact also uses the
general polynomial formof thedisplacementﬁelds of Eqs. (16)–(18).
Here, the interfacial conditions at the interfaces of the adhesive layer
include three compatibility conditions at the bonded adhesive–FRP
interface, Eqs. (19), (21), (23), vanishing shear stresses at thedelami-
natedadhesive–wall interface (Eqs. (28) and (29)), andcompatibility
of the out-of-plane displacements at the delaminated interface (Eq.
(24)). The latter condition implies that the delaminated interface is
in contact. In physical terms, this case holds as long as the interface
is subjected to compressive normal stresses.
The six interfacial conditions (Eqs. (19), (21), (23), (24), (28),
(29)) directly deﬁne the six unknown displacements u2(x,y),
u3(x,y), v2(x,y), v3(x,y), w1(x,y) and w2(x,y). Introducing thedisplacement ﬁelds back into the principle of virtual work and
applying the basic lemma of the variational calculus yield 5 equa-
tions. Solving these equations for u0(x,y), u1(x,y), v0(x,y), v1(x,y),
and w0(x,y) and introducing the resulting terms back into Eqs.
(16)–(18) yields:
uadhðx; y; zadhÞ ¼ hFRP2 w
FRP
x ðx; yÞ þ u0FRPðx; yÞ ð34Þ
vadhðx; y; zadhÞ ¼ hFRP2 w
FRP
y ðx; yÞ þ v0FRPðx; yÞ ð35Þ
wadhðx; y; zadhÞ ¼ wFRPðx; yÞ2 þ
wwallðx; yÞ
2
þ zadhwwallðx; yÞ
hadh
 zadhwFRPðx; yÞ
hadh
ð36Þ
Also here, the displacement ﬁeld of the adhesive layer is ex-
pressed in terms of the displacements and rotations in the FRP
layer and the existing wall and do not include an unknown func-
tion of itself. On the other hand, the stress ﬁeld in the adhesive
layer yields vanishing shear stresses but uniform through the
thickness normal stresses.
2.4. FE formulation
The FE formulation uses the variational form with the distinc-
tion between the three cases made by means of the three displace-
ment and stress ﬁelds in the adhesive layer. To achieve this, the
variational forms are written in terms of unknown displacements.
This is done by introducing the kinematic and the constitutive rela-
tions of the wall and the FRP, Eqs. (1)–(10), as well as the displace-
ment ﬁelds for the adhesive layer, Eqs. (25)–(27) or (31)–(33) or
(34)–(36), into the principle of virtual work. Each expression is
then individually used for the formulation of the perfectly bonded
(PB) ﬁnite element (FE), the ‘‘no-contact’’ (NC) delaminated FE, and
the ‘‘with-contact’’ (C) delaminated FE.
2.4.1. Specially tailored FE for delaminated regions without contact
The FE approximation reads:
tiðx; yÞ  thi ðx; yÞ ¼
X
A2stNC
i
NAðx; yÞdA ð37Þ
dtiðx; yÞ  dthi ðx; yÞ ¼
X
A2stNC
i
NAðx; yÞddA ð38Þ
where dA are generalized unknown displacement, ddA are virtual
displacements and NA (x,y) is the A-th shape function. tNCi is the
i-th entry of the unknown displacements vector tNC = [u0wall, v0wall,
wwall, w
wall
x , w
wall
y , u0FRP, v0FRP, wFRP, w
FRP
x ]
T, and stNC
i
is the group of
shape functions that correspond to the unknown function tNCi . The
superscript NC designates that all terms addressed here correspond
to the delaminated region without contact.
In this work, the analysis is limited to rectangular elements
with four nodes, and the following global to local coordinate trans-
formation is used:
n ¼ 2ðx x0Þ
lx
; g ¼ 2ðy y0Þ
ly
ð39Þ
where n and g are local dimensionless coordinates of the element,
and x0 and y0 are the global coordinates of the center of the element.
The shape functions read:
N1ðg; nÞ ¼ 14
1
4
n 1
4
gþ 1
4
ng ð40Þ
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1
4
n 1
4
g 1
4
ng ð41Þ
N3ðg; nÞ ¼ 14þ
1
4
nþ 1
4
gþ 1
4
ng ð42Þ
N4ðg; nÞ ¼ 14
1
4
nþ 1
4
g 1
4
ng ð43Þ
The derivation of the FE uses the principle of virtual work,
Eq. (13) with the adhesive displacement ﬁeld that correspond to
delaminated with contact region (Eqs. (34)–(36)), and takes the
following steps: (a) The principle of virtual work is integrated over
zFRP, zwall, and zadh; (b) The FE approximation, Eqs. (37) and (38),
and the shape functions, Eqs. (40)–(43), are introduced into the
principle of virtual work (Eqs. (34)–(36), Eqs. (13)–(15)); (c) The
resulting expression is integrated over the area of the element;
(d) The basic lemma of the variational calculus is applied. These
steps yield a set of nonlinear algebraic equations, ge(de) in terms
of the elemental vector de and allow to analytically deﬁne the
elemental Jacobian matrix @g
eðdeÞ
@de . To avoid shear locking, especially
in the delaminated elements, the handling of the transverse shear
terms uses a reduced integration with one integration point across
the element (Reddy, 1997).
At the local (element) level, the element derived here has four
nodes and 10 DOF per node: 5 DOFs for the wall, and 5 DOFs for
the FRP layer. The 5 DOFs in each layer (the wall and the FRP) cor-
respond to the displacements of the mid-surface of each compo-
nent in x, y and z direction and to the rotation of the cross
sections of each component about the x and y axes.
2.4.2. Specially tailored FE model for delaminated regions with contact
The FE model for delaminated regions with contact also uses the
FE approximation as in the case of delaminated regions without
contact (Eqs. (37) and (38)) but with the superscript C instead of
NC and follows the steps described above. The displacement and
stress ﬁelds in the adhesive layer in this case correspond to delam-
ination with contact (Eqs. (34)–(36), (13)–(15)). Also here, the dis-
placement ﬁeld in the adhesive layer is expressed in terms of the
displacements and rotations in the wall and in the FRP. As a result,
the vector of the unknown displacements includes 10 terms and
reads tC = [u0wall, v0wall, wwall, wwallx , w
wall
y , u0FRP, v0FRP, wFRP, w
FRP
x ]
T
and Stc
i
corresponds to tC.
In conjunction with the above, the element has four nodes and
10 DOF per node: 5 DOFs for the wall and 5 DOFs for the FRP layer.
The 5 DOFs in the wall and the ﬁve in the FRP layer account for the
three displacements of the mid-surface of each layer and the two
rotations of the cross sections. Also here, a reduced integration pro-
cedure is adopted. However, due to the different displacement and
stress ﬁelds in the adhesive layer, the formulation yields residual
vector ge(de) and tangent matrix that differ from the ones devel-
oped for the delamination without contact case. Speciﬁcally, they
include the coupling terms that result from the evolution of out-
of-plane compression at the delaminated interface.
2.4.3. Specially tailored FE model for perfectly bonded element
(Elmalich and Rabinovitch, 2012c)
The FE model for the perfectly bonded regions follows Elmalich
and Rabinovitch (2012c) and uses the FE approximation in the
form of Eqs. (37)–(43) but with the superscript PB replacing NC
and with the principle of virtual work that corresponds to perfectly
bonded stress and displacement ﬁelds (Eqs. (13), (25)–(27)). In this
case, the vector of the unknown displacements includes 11 terms:
tPB = [u0wall, v0wall, wwall, wwallx , w
wall
y , u0FRP, v0FRP, wFRP, w
FRP
x , w
adh
0 ]
T and
StPB
i
corresponds to tPB.The element for the perfectly bonded region has four nodes and
11 DOF per node: 5 DOFs for the wall, 5 DOFs for the FRP layer and
1 DOF for the adhesive layer. The additional DOF in the adhesive
layer corresponds to the out-of-plane displacement of the mid-sur-
face of the layer. For consistency, (and although the convergence
studies in Elmalich and Rabinovitch, 2012a,c do not reveal shear
locking in the perfectly bonded element) reduced integration
procedure is used here as well.
2.5. Assembly, solution procedure, and contact nonlinearity
The ﬁrst step in the handling of the contact problem is the iden-
tiﬁcation of the delaminated region. For most cases, pinpointing the
exact location and size of the delaminated region can be a demand-
ing task. For other cases, this information can be reasonably esti-
mated based on assessment of the wall’s surface and potential
detection of regions of poor bonding. Once the size and location of
the delaminated zone are determined, the model of the entire wall
is comprised of the three types of ﬁnite elements deﬁned above
by means of the standard FE assembly procedure. The three FE mod-
els are used depending on the interfacial conditions. The assembly
procedure yields a set of nonlinear algebraic equations that reads:
gðdÞ ¼ 0 ð44Þ
where d is the vector of unknown nodal displacements and g is the
set of nonlinear algebraic equations. The essential boundary condi-
tions (in their FE form) are introduced by replacing the A-th equa-
tion in the set g(d) with:
dA ¼ dA ð45Þ
where dA is the prescribed displacement at the A-th node.
The solution of the nonlinear set of equations of the assembled
model (Eqs. (44) and (45)) uses the classical Newton–Raphson pro-
cedure. The Jacobian matrix, @gðdÞ
@d , is analytically derived at the ele-
ment level for each type of element and then assembled using a
standard FE assembly procedure. To somewhat reduce the compu-
tation time, the size of the load step or prescribed displacement
increment used in the Newton–Raphson algorithm is dynamically
changed, depending on the rate of change in the response and on
the desired number of iterations. The contact nonlinearity is trea-
ted through another level of iterations. This iterative procedure in-
clude the following steps in each generalized ‘‘load step’’ of the
Newton–Raphson scheme: (a) an arbitrary assumption (or an edu-
cated guess) of the contact condition over the delaminated region
(i.e. sub-regions with contact and sub-regions without contact) is
made, (b) the FE model is assembled according to the assumed
contact topology (step (a)) and solved for the current generalized
load step using the Newton–Raphson iterative procedure, (c) after
convergence of the Newton–Raphson iterations, the contact condi-
tions at each element are examined based on the following
conditions:
For ‘‘no contact’’ elements:
hwewall weadhðz ¼ hadh=2ÞiP 0! \True"
hwewall weadhðz ¼ hadh=2Þi < 0! \False"
 
ð46Þ
For ‘‘with contact’’ elements:
hrezzðz ¼ hadh=2Þi 6 0! \True"
hrezzðz ¼ hadh=2Þi > 0! \False"
 
ð47Þ
where the operator haei designates averaging of the function ae over
the element e; the outcome ‘‘True’’ means that the response satisﬁes
the assumed contact condition, and the outcome ‘‘False’’ means that
the response violates the assumed contact condition; (d) the contact
conditions at the elements that are marked ‘‘False’’ are switched and
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tions are mapped. If the number of changes (i.e. number of ‘‘False’’ re-
sults) falls below a tolerable threshold, the geometrically nonlinear
analysis moves to the next load step. If the number of changes is lar-
ger than the deﬁned tolerance, steps (b)–(d) are repeated with the
new (updated) contact topology and the process is repeated.3. Numerical study
Four numerical examples are presented and discussed. The ﬁrst
two belong to the convergence study and aim to examine the con-
vergence and validity of the FE models developed for the no-contact
and with-contact cases. The convergence and validation are studied
through comparison with closed form analytical solutions that are
found in the literature. In terms of experimental benchmarks, the
data found in the literature on nonlinear models with elastic or
inelastic consideration mostly refer to limit type of analysis rather
than to the nonlinear process (‘‘stress analysis’’) that is at the focus
of the present work. In addition, the majority of the limit analyses
study masonry walls, which include many unique features that are
beyond the scope of the present work (e.g. Milani and Lourenço,
2013). In the light of that, the development of an experimental
benchmark that documents the initiation, evolution, and growth of
the buckling and wrinkling processes in the delaminated regions
of the FRP strengthened wall is still called for and the convergence
and validation study is limited to analytical benchmarks. For the
comparison with the analytical benchmarks, the geometrically non-
linear response of the 600 mm by 600mm strengthened wall spec-
imen shown in Fig. 3 is examined under the assumption of either
no-contact or with-contact conditions. In this ‘‘sterile’’ example, it
is assumed that the delaminated region extends over the entire area
of the specimen and that the contact conditions are prescribed and
kept unchanged along the loading path. This type of analysis aims to
validate the numerical solution through comparison with analytical
closed form solutions for the buckling load. The delamination with-
out-contact case is compared with solutions for the buckling load of
simply supported plates. The delamination with contact case is com-
pared with solution for plates resting on an elastic foundation.Fig. 3. Convergence study of delaminated regions FE models: (a) geometry; (b) horizonta
symmetric quarter; (d) elastic properties.The third example studies the nonlinear response of a strength-
ened wall with a 400 mm by 400 mm delaminated region. In this
case, the panel is subjected to compression and the type of delam-
ination is determined iteratively along the loading process. In the
fourth example, the same panel is subjected to in-plane shear. This
case simulates the response of a delaminated region in a wall up-
graded to resist in-plane lateral loading. Here, it is assumed that
the delamination is formed due to misalignment of the wall’s sur-
face. Therefore, it assumes a no-contact delamination condition
throughout the entire loading path.
3.1. Convergence and validation
The convergence of the FE models for the delaminated regions is
studied using the 600 mm by 600 mm strengthened wall panel that
is shown in Fig. 3. The entire wall specimen is modeled using dela-
minated region elements. The strengthened wall segment and the
delaminated FRP layer are simply supported in the out-of-plane
direction. In order to introduce an initial imperfection, the FRP layer
is loaded by a uniformly distributed out-of-plane load
qFRPz =0.01 N/m2. The in-plane compressive load is distributed be-
tween the wall and the FRP layer based on their in-plane stiffness
ratio. The convergence is examined in two cases. In the ﬁrst case,
the strengthened wall is meshed with ‘‘no-contact’’ delaminated re-
gion elements. The modeling of the wall using these elements yields
two independent simply supported shear deformable plates, for
which a closed form analytical solution of the buckling load is avail-
able. In the second case, the strengthened wall is meshed using
‘‘with-contact’’ delaminated region element. Bearing in mind the or-
ders of magnitude differences between the deformability of the del-
aminated wall and that of the FRP layer, this modeling yields a
condition that can be well approximated by a model of a simply sup-
ported delaminated FRP plate resting on an elastic foundation. In
this approximation, the out-of-plane deformability of the adhesive
layer deﬁnes the stiffness of the foundation. In both cases, symmetry
conditions allow the modeling of a symmetric quarter of the exam-
ined panel. The cross sections of the symmetric quarter are shown in
Fig. 3b and c and the elastic properties are given in Fig. 3d. The sym-
metric quarter is meshed using grids of 5 5, 10 10, 20  20,l (A–A) cross section of the symmetric quarter; (c) vertical (B–B) cross section of the
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without contact, the course mesh of 5  5 elements is not included.3.1.1. Convergence and validation: delaminated region without
contact
The convergence of the model is studied in terms of load ver-
sus out-of-plane displacement curves of the 5 examined meshes
in Fig. 4. The load refers to the magnitude (absolute value) of
the total compression (integral over the loaded edge) and the dis-
placement refers to the center of the FRP layer. The analytical
buckling load of the simply supported FRP layer (Timoshenko
and Gere, 1961) equals 249.45 N. This analytical benchmark is
marked with a star in Fig. 4. The load versus displacement curves
detected by the present analysis clearly point at the convergence
of the numerical solution and the deviation between the curves is
rather small. The present nonlinear analysis reveals a transition
between two branches. The initial one governs the initial close
to membrane response and the second one governs the geometri-
cally nonlinear response at the post-buckling phase. Due to the
‘‘plate-like’’ behavior of the delaminated FRP layer, the transition
or branching is involved with a signiﬁcant change to the slope of
the response curve but it is not involved with a drop in load, a
limit point, a snap through, or a structural collapse. On the con-
trary, after the bifurcation point, the rate of load growth is signif-
icantly decreased but it remains monotonic. In that sense, the
structure has some ‘‘stability reserve’’. To reﬂect that, the follow-
ing discussion refers to this point using the terms ‘‘critical point’’
or ‘‘critical load level’’. In addition, it is noted that this effect is
‘‘localized’’ in the sense that it only affects part of the structure
(the FRP layer in this case) while the other parts exhibit a sound
stable behavior.
Zooming on the critical point (the upper right box in Fig. 4)
reveals that up to this point, the load–displacement curves for all
examined meshes coincide. Fig. 4 also shows that the point of slope
change is in good agreement with the analytical buckling load. The
effect of the mesh reﬁnement is only observed in the deep nonlin-
ear range. However, also here, the zoom plot in the lower left box
in Fig. 4 points at the trend of convergence of the numerical FE
solution. As expected, after the critical point, the nonlinear behav-
ior of the FRP layer exhibits a stabilizing stiffening trend. This
observation (which reﬂects a well-known post-buckling behavior
of plates), the agreement between the numerical and analytical
solutions, and the convergence of the latter, verify and support
the validity of the FE model for the no-contact delaminated region.-4 -3 -2 -1 00
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Fig. 4. Magnitude of the total in-plane normal load versus out-of-plane displace-
ment for the case of delamination without contact (legend: 5  5 elements,
10  10 elements, 20  20 elements, 30  30 elements,
40  40 elements, analytical solution).3.1.2. Convergence and validation: delaminated regions with contact
The load–displacement curves for the four examined meshes of
delaminated with contact elements are shown in Fig. 5. Also here,
the load refers to the integral over the loaded edge and presented
in absolute value. The analytical buckling load (per unit width) of a
plate resting on an elastic foundation is given by (Timoshenko and
Gere, 1961):
Ncr ¼ Dp
2
b2
mb
a
þ n
2a
mb
 2
þ ka
2
m2p2
ð48Þ
where D ¼ EFRPh3FRP12ð1m2FRP Þ is the ﬂexural stiffness of the FRP layer, a and b
are the length and width, respectively, of the FRP layer, and
k = Eadh/hadh is the coefﬁcient of the elastic foundation. Note that
this approximation, which is examined for veriﬁcation of the dela-
minated with contact elements only, neglects the deformability of
the wall itself. With the examined elastic properties and geometry,
the minimal buckling load is detected with m = 5 and n = 1. The
integral buckling load equals 3244 N and it is marked with a star
and a dashed line in Fig. 5.
The curves of the magnitude of the total in-plane normal load in
the FRP layer versus the out-of-plane displacement at the center of
the FRP layer (Fig. 5) reveal a converging trend. The level of load in
which the signiﬁcant change to the slope of the curve occurs is also
in good agreement with the analytical buckling load. Also here, the
structure does not exhibit loss of stability as the load slightly but
monotonically increases beyond the critical point. The examina-
tion of the deformed shape of the FRP layer beyond that critical
point reveals the pattern of 5  1 half waves determined by the
analytical solution. This combination of observations supports
the validity of the model for the ‘‘with contact’’ region. This veriﬁ-
cation joins the one discussed in the section dealing with the ‘‘no
contact’’ element and the ones referring to the perfectly bonded
elements in Elmalich and Rabinovitch (2012c). Together, they ver-
ify and support the validity of all components of the FE model for
the strengthened but delaminated wall.
3.2. Delaminated wall subjected to in-plane normal loading
In this section, a 600mm by 600 mm segment taken out from a
strengthened wall is examined. The segment includes a delaminated
area of 400mm by 400 mm with the delamination located at the
adhesive–wall interface. The geometry of the strengthened wall seg-
ment, its cross sections, and its elastic properties appear in Fig. 6.
The examined segment represents an isolated region of the wall.-0.01 -0.008 -0.006 -0.004 -0.002 00
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Fig. 5. Magnitude of the total in-plane normal load versus out-of-plane displace-
ment in the FRP layer for the case of delamination with contact (legend:
10  10 elements, 20  20 elements, 30  30 elements, 40  40
elements, analytical solution).
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Fig. 7. Magnitude of the total in-plane normal load versus out-of-plane displace-
ment of the FRP layer.
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ment restrain the out-of-plane displacements and the rotations
but allow the in-plane loading. Based on the observations discussed
in the previous section, the FE model uses a mesh of 48 by 48 ele-
ments. In order to introduce a geometrical imperfection and to allow
branching out of the membrane state, the FRP layer is loaded by a
uniformly distributed out-of-plane load qFRPz = 0.01 N/m
2. In this
case, this low level of load yields a ‘‘with contact’’ initial condition
over the entire delaminated area. Unlike the examples in the conver-
gence study, in this case, the type of delamination is not constant
but it evolves depending on the response. In order to somewhat re-
duce the computational effort associated with the nested iterative
procedure, the threshold for the convergence of the contact identiﬁ-
cation procedure is set to 5% of the area of the delaminated zone.
The magnitude of the total in-plane compressive load versus
the out-of-plane displacement of the central point of the FRP layer
is studied in Fig. 7. It is observed that the nonlinear response of the
FRP layer is characterized by a mostly membrane stage, signiﬁcant
change of slope, and then stiffening at the post buckling stage. Like
in the cases looked at in the convergence study, at and after the
critical point, the structure remains stable and does not reveal a
drop in load or a limit point governed snap through and collapse.
Also, since the rest of the structure and mainly the wall substrate
resist load, this is a critically important but localized effect.
A zoom plot on the response at the initial stages of the pre-
buckling phase (points A and B in Fig. 7) reveals a small ‘‘jump’’
in the out-of-plane displacement. The increasing positive out-of-
plane displacements before the ‘‘jump’’ are due to the effect of
the out-of-plane low level of load and they are involved with the
evolution of contact conditions along most of the delaminated re-
gion. The ‘‘jump’’ towards an opposite trend is then attributed to
the effect of the geometrical nonlinearity of the FRP layer and
the localized loss of contact at the examined point. The load at
which this ‘‘jump’’ occurs slightly depends on the convergence
threshold for the delamination type iterations but this dependency
is not signiﬁcant. In addition, this threshold and the minor changes
to the load level where this jump occurs do not affect the load
where the FRP layer reaches the critical point, the geometrical
nonlinearity comes into critical effect, and the slope of the re-
sponse curve signiﬁcantly changes.x
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Fig. 6. Delaminated wall segment under in-plane compression: (a) geometry; (b) horizo
the symmetric quarter; (d) elastic properties.The critical point is observed at a total load level of about
13,000 N. This load yields in-plane compressive strain of up to
0.0036% in the wall in the loading direction and tensile strains
of 0.00086% in the wall in the perpendicular direction. These levels
of compressive and even tensile strains are below the crushing and
cracking thresholds and below the levels in which signiﬁcant
material nonlinearity is expected. This conﬁrms that in the case
of the delaminated wall, the localized geometrically nonlinear ef-
fect may indeed precede the material nonlinearity.
In order to further investigate the nonlinear behavior, the out-
of-plane displacement ﬁelds of the wall and the FRP layer at the
4 load levels (points A–D in Fig. 7) and the mapping of the contact
condition at these 4 levels are studied in Fig 8. The dark gray re-
gions in Fig. 8 designate delaminated regions with contact whereas
the light gray regions designate delaminated regions without con-
tact. The white area designates the bonded regions at the perime-
ter. The out-of-plane displacement ﬁelds of the wall, the FRP layer,
and the contact condition at the early stages of the loading process
(point A) are shown in Fig. 8a–c respectively. The out-of-planental (A–A) cross section of the symmetric quarter; (c) vertical (B–B) cross section of
Fig. 8. Out-of-plane displacement ﬁelds and contact conditions in a symmetric quarter of a delaminated wall segment under in-plane compression: (a) out-of-plane
displacements of the wall (point A); (b) out-of-plane displacements of the FRP layer (point A); (c) contact conditions (point A); (d) out-of-plane displacements of the wall
(point B); (e) out-of-plane displacements of the FRP layer (point B); (f) contact conditions (point B). (Legend for boxes c and f: – contact, – no-contact, –
perfectly bonded region.) Fig. 8 (continued). (g) out-of-plane displacements of the wall (point C); (h) out-of-plane displacements of the FRP layer (point C); (i) contact
condition (point C); (j) out-of-plane displacements of the wall (point D); (k) out-of-plane displacements of the FRP layer (point D); (k) contact conditions (point D). (Legend for
boxes i and l: – contact, – no-contact, – perfectly bonded region.).
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load level (point B) are shown in Fig. 8d and e and the correspond-
ing contact condition is shown in Fig. 8f. Both load levels refer to
the ‘‘pre-buckling’’ stage, way before the critical point. The out-
of-plane displacement ﬁelds of the wall and the FRP layer shown
in Fig. 8g and h and the contact condition shown in Fig. 8i refer
to point C, which is after the jump but still below the critical load.
Finally, the deformed shape at point D, which is deep in the post
buckling stage, is shown in Fig. 8k and the corresponding contact
condition is shown in Fig. 8l.
The out-of-plane displacement ﬁeld at the initial stages of the
loading process is governed by the low level of out-of-plane
uniformly distributed load. This yields positive out-of-plane
displacements and contact conditions at the central part of thedelaminated region. With the increase in load, the contact area
grows smaller and after point B the FRP layer snaps from the partial
contact condition to a no contact condition throughout most of the
delaminated region. This excludes a narrow strip near the loaded
edge (see Fig. 8i and l). The dominant ‘‘no contact’’ conditions also
imply that the results of this analysis are not affected by the neglect
of the friction at the delaminated interface (see Eqs. (28) and (29)).
After the loss of contact, the geometrically nonlinear effect on
the FRP layer becomes dominant. The trend of the displacement
ﬁeld at the delaminated area changes from positive to negative
(Fig. 8e and h) yielding a no-contact condition and detachment
of the FRP layer at most of the delaminated area. The new displace-
ment ﬁeld, the ‘‘imperfection’’ it yields (see, Fig. 8h), the no-contact
condition, and the in-plane loading lead to the critical point and to
Fig. 9. Out-of-plane normal stresses at the interfaces of a symmetric quarter of the delaminated wall segment: Left column: rzz at the adhesive–FRP interface, Right column:
rzz at the adhesive–wall interface; (a) and (b) point A; (c) and (d) point B; (e) and (f) point C; (g) and (h) point D.
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nated FRP layer (see, Fig. 8k).
The out-of-plane normal stresses at the interfaces of the adhe-
sive layer are shown for the four load levels in Fig. 9. Under the ﬁrst
two load levels (points A and B) the delaminated area is partly in
contact and the adhesive layer is stressed. The interfacial stresses
over the delaminated region in Fig. 9a–f are rather low but theirdistributions reveal stress concentrations along the edge of the del-
aminated region. These stress concentrations are observed near the
loaded edge in the adhesive–FRP interface (Fig. 9a, c, and e) and
along all four edges of the delaminated region in the adhesive–wall
interface (Fig. 9b, d, and f). At the pre-buckling stage, the magni-
tude of the stress concentrations increases with the loading pro-
cess but the pattern of the interfacial stresses remains quite stable.
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facial stresses dramatically change and the magnitudes of the
stress concentrations signiﬁcantly increase. The most sever as-
pect of the changes to the pattern and the magnitude of the stress
concentrations is the evolution of signiﬁcant peeling (out-of-
plane tensile) stresses, both at the adhesive–wall interface and
at the adhesive–FRP interface. At the adhesive–wall interface,
the peeling stresses that have already evolved in the pre-buckling
stage are signiﬁcantly ampliﬁed. At the adhesive–FRP interface, a
new peeling stress concentration develops. Due to the nature of
these peeling stresses, they may lead to a further growth of the
delaminated region and accelerate the delamination failure. Spe-
ciﬁcally, the displacements and the interfacial stresses at the geo-
metrically nonlinear stage may trigger mode I or mixed mode
fracture and expansion of the delaminated region. This may also
trigger a signiﬁcant deviation from the overall (and localized) re-
sponse path attributed to the structure with the stable delaminat-
ed region and signiﬁcantly alter the strain levels that characterize
the material nonlinear state. Although this effect is not account
for the in the present analysis (which is limited to quantiﬁcation
of the stress state at each load level but provides a basis for study-
ing the delamination growth process), this observation reﬂects on
the critical impact of the geometrical nonlinearity on the resil-
ience of the FRP strengthened wall. Furthermore, it reﬂects that
although it yields a ‘‘plate-like’’ response with a stiffening post
buckling behavior and some ‘‘geometrical stability reserve’’, it
may trigger interfacial instability of the layered structure. This
designates another critical impact of the geometrically nonlinear
response.
3.3. Delaminated wall segment under in-plane shear
The last numerical example looks into the behavior of the dela-
minated wall segment studied in the previous section but here it is
subjected to in-plane shear. This case represents a segment taken
out of a shear wall strengthened to resist in-plane lateral loading
(due, for example, to a seismic action). The geometry of the
strengthened wall segment and the cross sections appear in
Fig. 10. The doted region in Fig. 10a designates the delaminated
region. The hatched area at the perimeter designates the bondedx
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Fig. 10. Delaminated wall segment under in-plane shear: (a) geometry;region. The wall segment is loaded in a displacement control mode
as shown in Fig. 10a where u is the generalized ‘‘loading’’ parame-
ter (i.e. it is gradually increased along the loading path). In addi-
tion, a low level of uniformly distributed out-of-plane load that
causes a ‘‘no-contact’’ condition in the delaminated area is intro-
duced. It is assumed that the delamination is due to misalignment
or unevenness of the wall’s surface and therefore the delamination
condition is assumed to be of ‘‘no-contact’’ type throughout the en-
tire loading process. The boundary conditions restrain all out-of-
plane displacements and rotations, and impose prescribed in-plane
displacements at all edges of the strengthened segment according
to the scheme outlined in Fig. 10.
The curve of the total in-plane shear forces at the top of the wall
versus the out-of-plane displacement of the mid-point
(x = 300 mm, y = 300 mm) of the delaminated FRP layer is shown
in Fig. 11a. The force is calculated by integrating the horizontal
reactions along the top edge of the wall and the FRP layer and its
scale appears on the left vertical axis of Fig. 11. The mid-point
out-of-plane displacements are used as an indicator for the condi-
tion of the FRP layer. The curve reveals a strong nonlinear behavior
of the FRP layer with a sudden drop in stiffness followed by a grad-
ual stiffening phase. Like in the previous cases, in this loading sce-
nario, the behavior is also not involved with a drop in the load
level. This reﬂects on an overall stable behavior even across the
critical point. Considering the response in terms of the shear angle
(which corresponds to the curve and appears on the right vertical
axis) versus the out-of-plane displacement of the mid-point re-
veals that the critical point is reached at a shear angle of about
2.2  104 [–]. In the wall, this level of shear angle yields principal
strains that are below the tensile strength of the wall material. In
that sense, this curve further indicates that the geometrical nonlin-
earity impacts the strengthened wall before the material nonlin-
earity comes into effect.
The deformed shapes and the out-of-plane normal stresses that
evolve at the interfaces of the adhesive layer are examined at the
four load levels that are marked I–IV on the force–displacement
curve of Fig. 11. The contour plots of the deformed shapes of the
wall segment appear in Fig. 12. For clarity, the in-plane displace-
ments are scaled up by 100 and the out-of-plane displacements
are represented by the colormap and the colorbar (which is notA
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Fig. 11. Total in-plane shear load (left vertical axis) and shear angle (right vertical
axis) versus out-of-plane displacement at the center of the FRP layer.
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Fig. 12a) reveals a negligible level of out-of-plane displacements.
The detected displacements are mainly a result of the low level
of out-of-plane load that is introduced in order to yield a geomet-
rical imperfection. A slight effect of the in-plane shear is observed
as the out-of-plane displacement colormap shows a slight devia-
tion from the double symmetry. Under the higher load level (point
II, Fig. 12b), the magnitude of the out-of-plane deformations is still
small but their pattern is slightly oriented towards the diagonal.
This observation points at the formation of tensile forces along
one diagonal and compressive forces along the perpendicular diag-
onal. As the load increases, the compressive forces along the com-
pressed diagonal increase up to the critical point. This phase is
accompanied by the formation of wrinkles that are clearlyu
u
Fig. 12. Deformed shapes of the FRP layer of a delaminated wall segment under in-plane
scaled up by 100; colorbar (not scaled) refers to out-of-plane displacements in [mm]).observed in Fig. 12c. With a further increase of the load, the wrin-
kling pattern remains the same (at least up to the examined point)
but the magnitudes of the out-of-plane displacements grow
rapidly.
On the global scale, the diagonal wrinkling of the FRP layer does
not signiﬁcantly affect the ‘‘global’’ shear stiffness of the entire seg-
ment. For example, in the present case, the difference between the
global shear stiffness of the entire segment (i.e. the ratio of the glo-
bal shear force over the prescribed in-plane lateral displacement u)
before and after the critical point is less than 1%. This reﬂects only
minor impact on the overall response.
In contrast to the above, the impact of the shear wrinkling on
the localized behavior and on the local scale functionality is
signiﬁcant. In particular, it affects the evolution of the stress con-
centrations at the edges of the delaminated region. The interfacial
out-of-plane normal stresses under the four load levels (Points
I–IV) are studied in Fig. 13. For clarity, the anti-symmetric half of
the strengthened wall segment is only shown. The ﬁrst two stress
distributions in Fig. 13a and b correspond to the ﬁrst two load
levels and reveal stress concentrations along the inner edges of
the bonded regions. The stress concentrations at the adhesive–
FRP interface in Fig. 13a and the adhesive–wall in Fig. 13b are both
positive designating peeling stresses but the magnitudes of the
stresses are rather minor. The stress distributions under the second
load level appear in Fig. 13c and d and also reveal stress concentra-
tions along the inner edge of the bonded region. However, the for-
mation of a tensile diagonal shifts the peak stresses towards the
corner of the delaminated region. Also here, the magnitudes of
the peak stresses at the two interfaces of the adhesive layer are
similar, positive, and rather minor.
The interfacial stresses at the post-buckling stage (points III, IV)
are shown in Fig. 13e–h. The stress concentrations along the inneru
u
shear: (a) point I; (b) point II; (c) point III; (d) point IV. (In-plane displacements are
Fig. 13. Out-of-plane normal stress ﬁelds at the interfaces of a delaminated wall under in-plane shear: Left column: rzz at the adhesive–FRP interface, Right column: rzz at the
adhesive–wall interface; (a) and (b) point I; (c) and (d) point II; (e) and (f) point III; (g) and (h) point IV.
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onal to positive at corner of the tensile diagonal. In addition, the
magnitude of these stresses is four orders of magnitude larger than
the stresses observed at the pre-buckling stage. Due to this ampli-
ﬁcation, the shear induced wrinkling may eventually lead to prop-
agation of the delamination and to an interfacial failure. This effect
impacts the resilience and the functionality of the strengthened
element and designates a potential trigger to a global failure
mechanism.4. Summary and conclusions
The geometrically nonlinear behavior of FRP strengthened walls
with pre-existing delaminations has been studied. For this pur-
pose, three specially tailored ﬁnite element models that corre-
spond to the perfectly bonded strengthened region, the
delaminated region without contact, and the delaminated region
with contact have been presented. The three types of specially tai-
lored elements have been combined into a uniﬁed model of the
D. Elmalich, O. Rabinovitch / International Journal of Solids and Structures 51 (2014) 179–195 195delaminated FRP strengthened wall. All three elements have been
developed in the framework of a high order multi-layered plate
theory and have used the closed form solutions of the displace-
ment ﬁelds in the adhesive layer as a basis for the kinematic
assumptions for each type of ﬁnite element. The geometrical non-
linearity has been introduced by means of the Von Karman nonlin-
ear strains whereas the contact nonlinearity has been handled
iteratively. The validity and convergence of the ﬁnite element for-
mulations developed for the delaminated regions has been exam-
ined and demonstrated through comparison with closed form
analytical solutions and through examination of the sensitivity of
the solution to the mesh properties. The results of the validation
and convergence studies join the ones previously demonstrated
for the bonded high order element to support the validity of the
uniﬁed model.
A numerical study that has focused on delaminated segments of
walls strengthened with FRP layers under the effect of compression
or global shear has been presented. The numerical study has re-
vealed and quantiﬁed a range of interesting physical phenomena
where the geometrical nonlinearity plays a critical role in the re-
sponse of the delaminated element. It has been observed that the
compression induced or shear induced local buckling or wrinkling
does not signiﬁcantly affect the global response but they critically
change the pattern and the magnitudes of the localized deforma-
tions in the delaminated wall. Furthermore, they change the pat-
tern and magnitude of the interfacial stresses at the bonded
region that surrounds the delaminated region. This effect may
eventually lead to a further growth of the delaminated region
and potentially to failure of the strengthened element. In that
sense, the localized delamination, the evolution of in-plane forces
in the thin delaminated FRP layer, and its tendency to locally
buckle and wrinkle may critically impact the functionality and
the resilience of the FRP strengthened wall.
The above observations highlight the importance of the geo-
metrical nonlinearity in the handling of the delaminated FRP
strengthened wall. This aspect is most relevant to the FRP strength-
ened wall but also to almost any layered structural system that is
prone to delamination failure. The ability to handle this 3D phe-
nomenon under a uniﬁed FE framework but without 3D meshing
through the thickness and without extensive computational ef-
forts, takes a step towards its quantitative handling in a wide range
of structural forms.References
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